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A modiﬁed continuum model of elastic ﬁlms with nano-scale thickness is proposed by incorporating surface elasticity
into the conventional nonlinear Von Karman plate theory. By using Hamilton’s principle, the governing equations and
boundary conditions of the ultra-thin ﬁlm including surface eﬀects are derived within the Kirchhoﬀ’s assumption, where
the eﬀects of non-zero normal stress and large deﬂection are taken into account simultaneously. The present model is then
applied to studying the bending, buckling and free vibration of simply supported micro/nano-scale thin ﬁlms in-plane
strains and explicit exact solutions can be obtained for these three cases. The size-dependent mechanical behavior of
the thin ﬁlm due to surface eﬀects is well elucidated in the obtained solutions.
 2007 Elsevier Ltd. All rights reserved.
Keywords: Surface eﬀects; Intrinsic scale; Size-dependence; Thin ﬁlm1. Introduction
The strong demands of miniaturization in the ﬁelds of microelectronics, nanotechnology have stimulated
signiﬁcant increasing scientiﬁc work on micro- and nano-scale materials and structures. More and more nano-
structures, such as nanoplates, nanobeams, nanowires, have been fabricated and tend to be used as the build-
ing blocks in the emerging nanotechnology (Xia et al., 2003; Freund and Suresh, 2003; Cuenot et al., 2004).
For example, ultra-thin plate-like ﬁlm structures have been widely used in Microelectromechanical Systems
(MEMS) and Nanoelectromechanical Systems (NEMS) in recent years (Craighead, 2000). The superior elastic
properties depending on the absolute size of ultra-thin ﬁlms have dawn signiﬁcant interest (Wong et al., 1997).
When the thickness of these ﬁlms reduces to submicron scale, the surface eﬀects on the elastic properties of
plate-like thin ﬁlms, which is usually neglected in classical thin plate elasticity theory (Reddy, 1999; Yu,
1995), becomes signiﬁcant with the increase of surface-to-bulk ratio (Cammarata, 1994; Muller and Saul,
2004). It is known that there exists a size-dependent mechanical response of ultra-thin elastic ﬁlms with
nano-scale thickness (Cammarata and Sieradzki, 1989; Wolf, 1991; Miller and Shenoy, 2000; Liang et al.,0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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* Tel.: +86 573 8364 7172.
E-mail address: dianwuh@ustc.edu
D.W. Huang / International Journal of Solids and Structures 45 (2008) 568–579 5692002). The understanding and modeling of such size-dependence due to surface eﬀects is currently of particular
interest (He et al., 2004; Sharma and Ganti, 2004; He and Li, 2006).
Atomistic simulation results have shown that elastic constants of ultra-thin ﬁlms can be larger or smaller
than their bulk counterparts due to the eﬀect of surface elasticity (Zhou and Huang, 2004; Shim et al., 2005).
In addition, the atomistic lattice model further demonstrates that the values of elastic constants of ultra-thin
ﬁlms are thickness dependent and approach the bulk value as the ﬁlm thickness increases (Sun and Zhang,
2003; Zhang and Sun, 2004; Guo and Zhao, 2005). However, systematic atomistic studies of mechanical
response of thin ﬁlms need a tremendous computational source and hence they are limited in practical appli-
cation. Gurtin and Murdoch (1975a,b, 1978) formulated a generic continuum model of surface elasticity,
where the surface of solids can be viewed as a two-dimensional elastic membrane with diﬀerent material con-
stants adhering to the underlying bulk material without slipping. It is found that the continuum model by
incorporating surface elasticity can predict the same accurate elastic response of thin ﬁlms as the case of atom-
istic modeling if the proper surface constitutive constants are used (Miller and Shenoy, 2000). Recently, He
et al. (2004) proposed a rigorous continuum surface elasticity model and successfully analyzed the size-depen-
dent deformation of nanoﬁlms. The surface eﬀects on the large deﬂection of ultra-thin ﬁlms are investigated by
incorporating surface elasticity into the Von Karman plate theory without consideration of the non-zero nor-
mal stress along the thickness direction (Lim and He, 2004). The continuum model proposed by Lu et al.
(2006) takes into account the eﬀect of non-zero normal stress but neglects the eﬀect of nonlinearity.
In this study, a modiﬁed continuum model of ultra-thin elastic ﬁlms by incorporating surface elasticity is
proposed. The widely used linearized constitutive relations on the surface developed by Gurtin and Murdoch
(1975a,b, 1978) are employed in the derivation as the ﬁrst-order assumption for the constitutive relations of
surface are very complicated. The inﬂuences of the nonlinear strain terms, non-zero normal stress in the thick-
ness direction, static and dynamic factors are taken into account simultaneously. As the thickness of thin ﬁlms
reduces to nanometer scale, both the nonlinear strain terms and the surface eﬀects can be very important and
therefore these eﬀects are investigated in this paper. The paper is organized as follows: in the next section, the
general governing equations and boundary conditions of ultra-thin elastic ﬁlms including surface eﬀects are
derived via Hamilton’s principle. In Section 3, three illustrative case studies, i.e. the bending, buckling and
vibration of a striped ﬁlm in-plane strains are conducted to validate this model. The summary and conclusion
are contained in the ﬁnal section.
2. Problem formulation
An isotropic elastic thin ﬁlm structure with constant thickness h is illustrated in Fig. 1. Throughout this
paper, Cartesian coordinate system xi (i = 1,2,3) is introduced where the x1ox2 plane coincides with the unde-
formed midplane of the ﬁlm. The upper surface S+ and lower surface S of the ﬁlm are deﬁned by x3 = ±h/2,
respectively.Fig. 1. The sketch of the elastic thin ﬁlm with surface eﬀects.
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3 and Greek ones taking the values of 1 and 2. A comma represents diﬀerentiation with respect to the suﬃx
index. The upper and lower surface stresses denoted as sþia and s

ia, respectively, satisfy the following equilib-
rium relations (Gurtin and Murdoch, 1978).sþbi;b  rþi3 ¼ qþ0 €uþi ; at x3 ¼ h=2;
sbi;b þ ri3 ¼ q0 €ui ; at x3 ¼ h=2;
ð1Þwhere rþi3 ¼ ri3ðxb; h=2; tÞ and ri3 ¼ ri3ðxb;h=2; tÞ are bulk stresses at x3 = ±h/2, respectively, and at time t;
uþi ¼ uiðxb; h=2; tÞ and ui ¼ uiðxb;h=2; tÞ are displacements at x3 = ±h/2, respectively, and at time t; and q0
are the surface densities of the surface layers S+ and S, respectively.
The displacement in the whole ﬁlm is continuous for there is no slipping between the surface layer and the
underlying material. The displacement ﬁeld with Kirchhoﬀ’s assumption at a point of the ﬁlm, ui, (including
the surface layers) can be represented byua ¼ u0a  x3u3;a; u3 ¼ u03; ð2Þ
where u0i ¼ u0i ðxb; tÞ is the displacement components of the midplane at time t. Accordingly, the nonlinear
strains of von Karman type areeab ¼ e0ab  x3u3;ab; ð3Þ
wheree0ab ¼
1
2
u0a;b þ u0b;a þ u3;au3;b
 
; ð4Þis the strain of the midplane. Note that ea3 = (ua,3 + u3,a)/2 = 0 and e33 = memm/(1  m) with m being Poisson’s
ratio.
The constitutive relations of the surface S+ and S given by Gurtin and Murdoch (1975a,b, 1978) can be
expressed assab ¼ s0 dab þ 2ðl0  s0 Þeab þ ðk0 þ s0 Þevvdab þ s0 ua;b;
sa3 ¼ s0 u3;a;
ð5Þwhere sþab and s

ab are, respectively, the surface stresses on the surface S
+ and S. s0 are the residual surface ten-
sions under unconstrained conditions, k0 and l

0 are the surface Lame´ constants on the surfaces S
+ and S,
respectively. And dij is the Kronecker delta with dij = 1 for i = j and dij = 0 for i5 j. It is noted that the above
relations (5) are linear, but they have been employed a lot inmany previous studies which gave reasonable results
(e.g., Lim andHe, 2004; Lu et al., 2006). Thus, the relations (5) are still applied in the current derivation. If the top
and the bottom layers of the ﬁlm have the same material properties, the stress–strain relations (5) reduce tosab ¼ s0dab þ 2ðl0  s0Þeab þ ðkþ0 s0Þemmdab þ s0ua;b;
sa3 ¼ s0u3;a:
ð6ÞSince the ﬁlm is very thin, the normal stress component r33 in the interior of the ﬁlm is smaller than the in-
plane stress components rab. Accordingly, r33 is simply assumed to be zero in classical plate theories. How-
ever, the surface conditions (1) will not be satisﬁed with this assumption. Therefore, the stress component r33
is assumed to vary linearly through the thickness and satisfy the balance conditions on the surfaces. In this
case, following the treatments given in Lu et al. (2006), r33 can be expressed asr33 ¼ 1
2
ðrþ33 þ r33Þ þ
1
h
ðrþ33  r33Þx3: ð7ÞSubstituting Eq. (1) into (7) givesr33 ¼ 1
2
ðsþb3;b  sb3;b  qþ0 €uþ3 þ q0 €u3 Þ þ
1
h
ðsþb3;b þ sb3;b  qþ0 €uþ3  q0 €u3 Þx3: ð8Þ
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relation for the interior of the ﬁlm is expressed byrib ¼ E
1þ m eib þ
m
1 m eccdib
 
þ m
1 m r33dib; ð9Þwhere E is the Young’s modulus, and m is the Poisson’s ratio.
The resultant forces Nij and moments Mij are deﬁned as followsNij ¼
Z h=2
h=2
rij dx3; Mij ¼
Z h=2
h=2
rijx3 dx3: ð10ÞTo derive the governing equations of the ﬁlm, Hamilton’s principle is employedd
Z t
0
Ldt ¼ 0; ð11Þwhere d is the variational operator, L = T  U W is generalized Lagrangian function, T, U and W are, in
turn, kinetic energy, strain energy and work done by external force P3. The expressions of T, U and W are
given byT ¼
Z
V
1
2
q _ui _ui dV ;
U ¼
Z
V
rabeab dVþ
Z
Sþ
sabeab dS
þ þ
Z
S
sabeab dS
; ð12Þ
W ¼
Z
Sþ
P 3u3 dS
þ;where the over dot denotes diﬀerential with respect to time, and q is mass density which is assumed the same
for the surface layer and the bulk material. By substituting Eqs. (2)–(4), (6), (8)–(10) and (12) into (11), and
then performing integration through the thickness by parts, the motion equations in the midplane of the ﬁlm
are obtained asðN ab þ sþab þ sabÞ;b  I€u0a ¼ 0; ð13Þ
Mab þ h
2
sþab  sab
  
;ab
þ ðN ab þ sþab þ sabÞu3;ab þ P 3  I€u3 þ J€u3;aa ¼ 0; ð14Þwhere I ¼ R h=2h=2 qdx3 ¼ qh and J ¼ R h=2h=2 qx23 dx3 ¼ qh3=12. The membrane forces and bending moments with
surface eﬀects are deﬁned as follows:N ab ¼ N ab þ sþab þ sab;
Mab ¼ Mab þ
h
2
ðsþab  sabÞ:
ð15ÞThe associated boundary conditions on edge surface C are given as follows:N ab ¼ NCab or dua ¼ 0;
Qb ¼ QCb or du3 ¼ 0;
Mab ¼ MCab or du3;a ¼ 0;
ð16Þwhere Qb is the eﬀective transverse shear force given byQb ¼ N abu3;a þMab;a þ J€u3;a; ð17Þ
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C
b and M
C
ab areNCab ¼
Z h=2
h=2
rCab dx3;
QCb ¼
Z h=2
h=2
rCa3 dx3;
MCab ¼
Z h=2
h=2
rCabx3 dx3:
ð18ÞIf the surface stresses are neglected, Eqs. (13) and (14) are the same as those derived from the classical plate theory.
And by substituting Eq. (15) into Eqs. (13) and (14), the simpliﬁed governing equations can be obtained asN ab;b  I€u0a ¼ 0; ð19Þ
Mab;ab þ N abu3;ab þ P 3  I€u3 þ J€u3;aa ¼ 0: ð20ÞHowever, with surface eﬀects incorporated, it can be found that the membrane forces N ab and bending moments
Mab involve the contributions of surface stresses, and they depend on the displacements of the ﬁlm. By substitut-
ing Eqs. (6) and (8)–(10) into (15), the membrane force N ab and bending moments M

ab can be written asN ab ¼ 2s0ðdab þ u0a;bÞ þ
Eh
1 m2 ð1 mÞ 1þ
l1
h
 
e0ab þ m 1þ
l2
h
 
e0mmdab
 
;
Mab ¼ 
Eh3
12ð1 m2Þ ð1 mÞ 1þ 3
l3
h
 
u3;ab þ m 1þ 3 l2h
 
u3;mmdab  m l4h u3;bbdab
 
 q0hl5€u3dab;
ð21Þwhere the parameters l1, l2, l3, l4 and l5 have the dimension of length and are deﬁned by l1 = 4(1 + m)(l0  s0)/
E, l2 = 2(1  m2)(k0 + s0)/Em, l3 = 2(1 + m)(2l0  s0)/E, l4 = 2(1 + m)s0/E and l5 = hm/6(1  m). If the surface ef-
fect is neglected, s0! 0, k0! 0 and l0! 0, the Eq. (21) is reduced to the expressions for membrane forces
and bending moments in the classical plate theory. It is also worth noting that if the nonlinear strain terms
in Eq. (4) are neglected, the Eq. (21) is the same as those obtained in Lu et al.’s (2006) linear model. On
the other hand, if the normal stress component, r33, is ignored, which leads to l4 = 0 and l5 = 0, the Eq.
(21) is consistent with those involved in Lim and He (2004) nonlinear model.
3. Case study
To demonstrate the inﬂuence of surface eﬀect, three examples will be given for the bending, buckling and
vibration of simply supported strip-like ﬁlm. The strip is inﬁnitely long in the x2 direction and has a ﬁnite
width l along the x1 axis. When the distribution of external loads does not depend on x2, the strip sustains
a plane-strain deformation. Thus the membrane force and bending moments are reduced toN 11 ¼ 2s0 þ
Eh
1 m2 1þ
g1
h
 
u1;1 þ Eh
2ð1 m2Þ 1þ
g2
h
 
u23;1;
M11 ¼ 
Eh3
12ð1 m2Þ 1þ 3
g3
h
 
u3;11  q0hl5€u3dab;
ð22Þwhere g1 = 2(k0 + 2l0)(1  m2)/E, g2 = 2(k0 + 2l0  s0)(1  m2)/E and g3 = 2(1 + m)[k0(1  m) + 2l0(1  m) 
s0m/3]/E are the intrinsic length scales with geometry-independence of the ﬁlm. In these examples, numerical illus-
trations are produced based on calculated results from two sets ofmaterial parameters given byGurtin andMur-
doch (1978).
Set IE ¼ 5:625 1010 N=m2; m ¼ 0:25; q ¼ 3 103 kg=m3;
k0 ¼ 7 103 N=m; l0 ¼ 8 103 N=m; s0 ¼ 110 N=m; q0 ¼ 7 104 kg=m2:
ð23aÞfor a glass substrate with 100 nm iron deposited on the surface (Material 1), and
D.W. Huang / International Journal of Solids and Structures 45 (2008) 568–579 573Set IIE ¼ 17:73 1010 N=m2; m ¼ 0:27; q ¼ 7 103 kg=m3;
k0 ¼ 8 N=m; l0 ¼ 2:5 N=m; s0 ¼ 1:7 N=m; q0 ¼ 7 106 kg=m2:
ð23bÞfor a freshly cleaved surface (Material 2).
3.1. Static bending
For a static bending, the ﬁlm is simply supported at the edges x1 = 0 and x1 = l, the static equilibrium equa-
tions areN 11;1 ¼ 0; M11;11 þ N 11u3;11 þ P 3 ¼ 0; ð24Þ
and the associated boundary conditions are as followsu1 ¼ 0; u3 ¼ 0; M11 ¼ 0 at x1 ¼ 0 and x1 ¼ l: ð25Þ
Under the action of a sinusoidal transverse load P3 = P0sin(px1/l), the deﬂection of the ﬁlm can be assumed asu3 ¼ wm sin px1l
 
; ð26Þwhere the maximal deﬂection wm is to be determined. Obviously, such an assumption of u3 satisﬁes the bound-
ary conditions in (25).
From the ﬁrst equation in (24) it is known that N11 is equal to a constant N, this implies, from Eq. (22), thatN 11 ¼ 2s0 þ
Eh
1 m2 1þ
g1
h
 
u1;1 þ Eh
2ð1 m2Þ 1þ
g2
h
 
u23;1 ¼ N : ð27ÞBy substituting Eq. (26) into Eq. (27), then integrating it from x1 = 0 to x1 = l and invoking the immovable in-
plane boundary condition, the constant N can be written asN ¼ 2s0 þ Eh
4ð1 m2Þ 1þ
g2
h
  p
s
 2 wm
h
 2
; ð28Þwith s = l/h being the span-to-thickness ratio. By substituting Eqs. (26) and (28) and loading conditions into
the second equation in (22), the resultant moment can be obtained asM11 ¼
Eh
12ð1 m2Þ 1þ 3
g3
h
 
wm
p
s
 2
sin
px1
sh
 
: ð29ÞThen the following load-deﬂection relation for the static bending can be obtained by substituting Eqs. (28) and
(29) and loading conditions into the second equation in (24)1 m2
E
P 0 ¼ 2 nh
p
s
 2
þ 1
4
1þ g2
h
  wm
h
 2
þ 1
12
1þ 3 g3
h
   p
s
 4 wm
h
 
: ð30Þwhere n = (1  m2)s0/E. Given the load, the exact deﬂection is obtainable. The membrane force can be derived
from Eq. (28), and the in-plane displacement can be integrated from Eq. (27).
If the surface eﬀect of the ﬁlm is ignored, then n = 0, g2 = 0 and g3 = 0, and the relation between the dimen-
sionless load (1  m2)P0/E and maximal deﬂection wm/h characterized by (30) is independent of the absolute size
of the ﬁlm. Neglecting the inﬂuence of the surface stress along z direction, i.e. rþ33 ¼ 0, Eq. (30) is the same as that
obtained in Lim and He’s (2004) model. However, the appearance of surface eﬀect leads to size-dependent
response of the ﬁlm. According to the data in (23a) and (23b), n = 1.833 nm, g2 = 763.0 nm and
g3 = 766.3 nm for data Set I, n = 8.89 · 103 nm, g2 = 4.915 · 102 nm and g3 = 3.357 · 102 nm for data
Set II. In both cases n is much smaller than g2 and g3, and thus it is of less importance. The intrinsic length g3 here
is a little larger than that in Lim andHe’s (2004) study for data Set I while g3 is smaller for data Set II for the inﬂu-
ence of normal stress which is ignored in Lim and He’s (2004) nonlinear model. It is g2 and g3 that deﬁne two
important length scales: when the thickness of the ﬁlm is in the same order as or smaller than g2 or g3, the ratios
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dependent deﬂection of the ﬁlm. The dimensionless load-deﬂection curves for the ﬁlms with diﬀerent thickness
and constant span-to-thickness ratio, s = 10 are shown inFigs. 2 and 3. The size eﬀect is obvious and the inﬂuence
is characterized by the intrinsic length scales. For data Set I the size eﬀect is signiﬁcant when the thickness of the
ﬁlm is smaller than 10 lm,while for data Set II it is signiﬁcantwhen the thickness of the ﬁlm is of the order of 1 nm
or less. Comparing the curves of the dimensionless load P0 vs maximal deﬂectionwm/h here with that in Lim and
He’s (2004) model, it can be found that all the curves have the same trend.3.2. Compressive buckling
Consider a ﬁlm sustaining a pair of compressive forces with magnitude N at two ends that are simply sup-
ported. The upper and lower surfaces of the ﬁlm are free from external loads. In this situation the governing
equations are the same as Eq. (24), except that P3 now is dropped. The boundary conditions are written asN 11 ¼ N ; u3 ¼ 0; M11 ¼ 0; at x1 ¼ 0 and x1 ¼ l: ð31Þ
Then equilibrium equations in this situation are obtained asN 11 ¼ N ;
Eh
12ð1 m2Þ 1þ 3
g3
h
 
u3;1111 þ Nu3;11 ¼ 0:
ð32ÞFig. 2. The relation between dimensionless load and deﬂection of the ﬁlm with various thicknesses for data Set I.
Fig. 3. The relation between dimensionless load and deﬂection of the ﬁlm with various thicknesses for data Set II.
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 
; ð33Þwhere n is a positive integer. This expression satisﬁes the last two conditions in (31). Substituting Eq. (33) into
the second equation in (32) givesEh
12ð1 m2Þ 1þ 3
g3
h
  np
l
 2
 N
 
wm ¼ 0: ð34ÞTherefore, the critical buckling load Ncr (corresponding to n = 1) is obtained, in dimensionless form, as12ð1 m2Þ
Eh
N cr ¼ 1þ 3 g3h
  p
s
 2
: ð35Þwith s = l/h.
Similarly, the dimensionless critical load 12(1  m2)Ncr/Eh is independent of the thickness of the ﬁlm if the
surface eﬀect is neglected (g3 = 0). But when the intrinsic length scale g3 is introduced, the dimensionless crit-
ical load is size-dependent with the thickness of the ﬁlm. The dimensionless load-deﬂection relations with dif-
ferent ﬁlm thickness are plotted in Figs. 4 and 5, with s = 10 both for data Set I and Set II, respectively. When
the ﬁlm thickness is smaller than about 10 lm, the critical load here deviates signiﬁcantly from that predicted
by the model ignoring surface eﬀect and is smaller than that in the study by Lim and He (2004) without theFig. 4. Dimensionless critical buckling load-thickness of the elastic thin ﬁlm for data Set I.
Fig. 5. Dimensionless critical buckling load-thickness of the elastic thin ﬁlm for data Set II.
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decreases. The trend is opposite as shown in Fig. 5 for the case where the parameter g3 is of negative sign.
In this situation, the surface eﬀect is signiﬁcant when the ﬁlm thickness is approximately 10 nm and less.
The inﬂuence of intrinsic length g3 can be clearly seen in Eq. (35) which indicates that the dimensionless critical
load is proportional to the factor, 1 + 3g3/h. And moreover, when the thickness h of the ﬁlm is of the order of
3g3 or less, the critical load, with the surface eﬀect through the factor 1 + 3g3/h, becomes extremely sensitive to
the ﬁlm thickness.
3.3. Free vibration
For a freely vibrating ﬁlm with immovable, simply supporting edges, the motion equations are expressed byN 11;1 ¼ 0;
M11;11 þ N 11u3;11 þ P 3  I€u3 þ J€u3;11 ¼ 0:
ð36ÞThe boundary conditions are the same as Eq. (25). To obtain the frequency of the ﬁlm, it is assumed that u3 is
of the formu3 ¼ wmT sin px1l
 
; ð37Þwhere T = T(t) is a normalized autocorrelation time function. As in Section 3.1, it shows that N11 is also a
constant, with magnitude N* given byN  ¼ 2s0 þ Eh
4ð1 m2Þ 1þ
g2
h
  p
s
 2 wm
h
 2
T 2: ð38ÞUpon the substitution of Eqs. (22), (37) and (38), the second equation in (36) can be recast into E
1 m2 2
n
h
p
s
 2
þ 1
4
1þ g2
h
  wm
h
 2
T 2 þ 1
12
1þ 3 g3
h
   p
s
 4 wm
h
 
T
þ q0l5
wm
h
  p
s
 2
 Iwm  J wm
h2
 
p
s
 2 
€T ¼ 0: ð39ÞBy simplifying the Eq. (39), a standard Duﬃng’s equation, whose exact solution has been well known, can be
obtained as follows€T þ aTþ bT 3 ¼ 0; ð40Þ
wherea ¼ Eh
12ð1 m2Þ
½24n=hþ ð1þ 3g3=hÞðp=sÞ2ðp=sÞ2
Ih2 þ Jðp=sÞ2  q0hðp=sÞ2l5
;
b ¼ Eh
4ð1 m2Þ
ð1þ g2=hÞðp=sÞ4ðwm=hÞ2
Ih2 þ Jðp=sÞ2  q0hðp=sÞ2l5
:
ð41ÞAccordingly, the nonlinear frequency x of the ﬁlm is obtained asx ¼ p
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
aþ bp
Kðk; p=2Þ ; ð42Þwhere K is the complete elliptic integral of the ﬁrst kind, with a parameter k expressed ask ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ð1þ a=bÞp : ð43ÞLet n = 0,g2 = 0 and g3 = 0, the frequency x in Eq. (42) is then reduced to the linear frequency x0 of the cor-
responding ﬁlm without surface eﬀect. And let l4 = 0 of g3 and l5 = 0, the Eq. (42) is the same as that in Lim
Fig. 6. Dimensionless frequency–amplitude relations of various ﬁlm thicknesses for data Set I.
Fig. 7. Dimensionless frequency–amplitude relations of various ﬁlm thicknesses for data Set II.
D.W. Huang / International Journal of Solids and Structures 45 (2008) 568–579 577and He (2004). The relations between frequency ratios x/x0 and dimensionless amplitude wm/h are shown in
Figs. 6 and 7 with s = 10 and diﬀerent thicknesses of the ﬁlm for data Set I and Set II, respectively. From these
ﬁgures it is evident that nonlinear frequencies increase due to the larger eﬀective bending stiﬀness of the ﬁlm
for both data Set I and Set II. And it is the surface eﬀect that causes the bending stiﬀness to be larger. The
increasing of frequency depends on not only the absolute thickness of the ﬁlm but also the dimensionless
amplitude. And moreover, the smaller dimensionless amplitude in thinner ﬁlm results in larger frequency.
For the case of data Set I, the size-dependence is much signiﬁcant for vibrating when the thickness of the ﬁlm
reduces to tens of micrometers or less; for case of data Set II, it is also signiﬁcant when the ﬁlm thickness is of
order 10 nm or less.4. Summary and conclusions
In this paper, a large-deﬂection model has been proposed to study the static and dynamic responses of thin
elastic ﬁlm with nano-scale thickness. It is an extension of Von Karman’s geometrically nonlinear theory for
elastic plates by adopting Kirchhoﬀ’s kinetic hypothesis. Moreover, the modiﬁed model incorporate the sur-
face stresses by employing the surface stress theory that was proposed by Gurtin and Murdoch (1975a, 1978).
The governing equations and non-classical boundary conditions due to surface stress eﬀect are derived by
using Hamilton’s principle. Based on Kirchhoﬀ’s assumption, the analytical and exact solutions for the
578 D.W. Huang / International Journal of Solids and Structures 45 (2008) 568–579moments in bending, the membrane forces in buckling, and the displacement ﬁeld in free vibration of a simply
supported thin ﬁlm can be obtained and it is found that these solutions have additional terms associated with
the surface stresses than the conventional solutions without surface stresses. The numerical results clearly
show the size-dependent elastic responses of nano-scale elements which is consistent to previous experimental
and atomistic studies. The eﬀect of surface stress can be represented by some intrinsic length scale. The elastic
behavior of the ﬁlm is very sensitive to the thickness of the ﬁlm when it is the same order of or less than the
intrinsic length. The present model with linear constitutive relations on surface incorporates the nonlinear
strain terms and the surface stress eﬀect in both static and dynamic cases and provides analytical solutions
that could be useful to analyze and design ultra-thin ﬁlm structures in MEMS and NEMS. To predict more
precise response of thin ﬁlm, reliable nonlinear surface relations should be known. The overall nonlinear con-
tinuum model with nonlinear relations in both substrate and surface will be addressed in future.
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